Table 2: Empirical results for MDeepBoostSum, ® = exp. AB stands for AdaBoost.

abalone AB.MR AB.MR-L1 MDeepBoost handwritten AB.MR AB.MR-L1 MDeepBoost
Error 0.713 0.696 0.677 Error 0.016 0.011 0.009
(std dev) (0.0130) (0.0132) (0.0092) (std dev) (0.0047) (0.0026) (0.0012)
Avg tree size 69.8 31.5 23.8 Avg tree size 187.3 240.6 203.0
Avg no. of trees 17.9 13.3 15.3 Avg no. of trees 342 21.7 242
letters AB.MR AB.MR-L1 MDeepBoost pageblocks AB.MR AB.MR-L1 MDeepBoost
Error 0.042 0.036 0.032 Error 0.020 0.017 0.013
(std dev) (0.0023) (0.0018) (0.0016) (std dev) (0.0037) (0.0021) (0.0027)
Avg tree size 1942.6 1903.8 1914.6 Avg tree size 134.8 118.3 124.9
Avg no. of trees 242 244 233 Avg no. of trees 8.5 143 6.6
pendigits AB.MR AB.MR-L1 MDeepBoost satimage AB.MR AB.MR-L1 MDeepBoost
Error 0.008 0.006 0.004 Error 0.089 0.081 0.073
(std dev) (0.0015) (0.0023) (0.0011) (std dev) (0.0062) (0.0040) (0.0045)
Avg tree size 272.5 283.3 259.2 Avg tree size 557.9 478.8 535.6
Avg no. of trees 23.2 19.8 214 Avg no. of trees 7.6 7.3 7.6
statlog AB.MR AB.MR-L1 MDeepBoost yeast AB.MR AB.MR-L1 MDeepBoost
Error 0.011 0.006 0.004 Error 0.388 0.376 0.352
(std dev) (0.0059) (0.0035) (0.0030) (std dev) (0.0392) (0.0431) (0.0402)
Avg tree size 74.8 79.2 61.8 Avg tree size 100.6 111.7 71.4
Avg no. of trees 23.2 17.5 17.6 Avg no. of trees 8.7 6.5 7.7

A Additional Experiments

In this section, we present some further experimental results for MDeepBoostSum and MDeep-
BoostCompSum algorithms. Recall that the results of Table 1 were obtained using the following
parameter optimization procedure. We randomly partitioned each dataset into 4 folds and, for each
tuple (A, 3, K) in the set of possible parameters (described below), we ran MDeepBoostSum, with a
different assignment of folds to the training set, validation set and test set for each run. Specifically,
foreachrun i € {0, 1,2, 3}, fold ¢ was used for testing, fold i + 1 (mod 4) was used for validation,
and the remaining folds were used for training. For each run, we selected the parameters that had
the lowest error on the validation set and then measured the error of those parameters on the test
set. The average error and the standard deviation of the error over all 4 runs is reported in Table 1.
We noted that there is an alternative procedure to compare algorithms that is adopted in a number
of previous studies of boosting [Li, 2009a,b, Sun et al., 2012] which is to simply record the average
test error of the best parameter tuples over all runs. We argued that as the size of the validation set
grows, the errors obtained via this procedure should converge to the true generalization error of the
algorithm. The results for this alternative procedure are shown in Table 2 and Table 3.

Observe that once again the results of our experiments show that for each dataset deep boosting
algorithms outperform their shallow rivals. Moreover, all of our results are statistically significant,
at 5% level using one-sided, paired ¢-test. This provides further empirical evidence in favor of
DeepBoost algorithms.

B Proof of Theorem 1

Our proof makes use of existing methods for deriving Rademacher complexity bounds [Koltchinskii
and Panchenko, 2002] and a proof technique used in [Schapire et al., 1997].

Theorem 1. Assume p > 1 and let Hy, ..., Hy, be p families of functions mapping from X x Y to
[0,1]. Fix p > 0. Then, for any § > 0, with probability at least 1 — § over the choice of a sample S

of size m drawn i.i.d. according to D, the following inequality holds for all f = Zthl ahy € F:

R /10g 4 c 2m logp IOg%
R(f) S RS ,0 Zatm Hl Hk’f \/ log 41/<))gp)—‘ m + 2m )

t=1

N . 1 p2c2m
Thus, R(f) < Rsp(f) + % S0, i (Hy,) + O W L g [m] ).
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Table 3: Empirical results for MDeepBoostCompSum, ®1(u) = logy(1 + u) and ®o = exp(u + 1).

abalone LogReg LogReg-L1 MDeepBoost handwritten LogReg LogReg-L1 MDeepBoost
Error 0.710 0.700 0.687 Error 0.016 0.012 0.008
(std dev) (0.0170) (0.0102) (0.0104) (std dev) (0.0031) (0.0020) (0.0024)
Avg tree size 162.1 156.5 28.0 Avg tree size 237.7 186.5 153.8
Avg no. of trees 222 9.8 10.2 Avg no. of trees 32.3 32.8 35.9
letters LogReg LogReg-L1 MDeepBoost pageblocks LogReg LogReg-L1 MDeepBoost
Error 0.043 0.038 0.035 Error 0.019 0.016 0.012
(std dev) (0.0018) (0.0012) (0.0012) (std dev) (0.0035) (0.0025) (0.0022)
Avg tree size 1986.5 1759.5 1807.3 Avg tree size 127.4 151.7 147.9
Avg no. of trees 25.5 29.0 27.2 Avg no. of trees 4.5 6.8 74
pendigits LogReg LogReg-L1 MDeepBoost satimage LogReg LogReg-L1 MDeepBoost
Error 0.009 0.007 0.005 Error 0.091 0.082 0.074
(std dev) (0.0021) (0.0014) (0.0012) (std dev) (0.0066) (0.0057) (0.0056)
Avg tree size 306.3 277.1 262.7 Avg tree size 412.6 454.6 439.6
Avg no. of trees 21.9 20.8 19.7 Avg no. of trees 6.0 5.8 5.8
statlog LogReg LogReg-L1 MDeepBoost yeast LogReg LogReg-L1 MDeepBoost
Error 0.012 0.006 0.002 Error 0.381 0.375 0.354
(std dev) (0.0054) (0.0020) (0.0022) (std dev) (0.0467) (0.0458) (0.0468)
Avg tree size 74.3 71.6 65.4 Avg tree size 103.9 833 117.2
Avg no. of trees 223 20.6 17.5 Avg no. of trees 14.1 9.3 9.3

Proof. Forafixed h = (hq,...,hr), any « in the probability simplex A defines a distribution over

{h1,...,hr}. Sampling from {hq,..., hr} according to « and averaging leads to functions g of
the form g=1 Z _, nthy for some n = (nq, ..., ny), with Zthl ny = n, and hy € Hy,.
For any N = (Ny,..., N,) with [N| = n, we consider the family of functions
p N
GrN = { SN by 1Y(k, ) € [p] x [Nil, by € Hk}7
k=1 j=1
and the union of all such families Gz, = U=, GrFn. Fix p > 0. For a fixed

N, the Rademacher complexity of II;(G# n) can be bounded as follows for any m > 1:
Rn(I (GEN)) < 230 Ny R (i (Hg)). Thus, by Theorem 3, the following multi-class
margin-based Rademacher complexity bound holds. For any ¢ > 0, with probability at least 1 — 4,
forallg € Gr,

_ lde P log
R,(g) — Rs,(g g; m (Il (Hy)) + o
k=1

Since there are at most p™ possible p-tuples N with [N| = n,? by the union bound, for any § > 0,
with probability at least 1 — ¢, for all g € G'£ ,,, we can write

P 1

Og‘iL
Z m (I (Hy)) + 1] = o
P m

—_

Rp( ) RSP .

3
< |5

Thus, with probability at least 1 —4, for all functions g = L Z _1 n¢hy with by € Hy,, the following
inequality holds

%4; SN R ((Hy,) +

k=1t:k=k

R,(9) — Rs,(g) <

Taking the expectation with respect to e and using Eo[n:/n] = a4, we obtain that for any 6 > 0,
with probability at least 1 — 4, for all g, we can write

~ de & log 2
ElRp(9) — Fsplg)l < > R (L (Hy,)) + S

t=1

* The number S(p, n) of p-tuples N with |N| = n is known to be precisely (p+” h.
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Fix n > 1. Then, for any J,, > 0, with probability at least 1 — 4,,,

~ 8c T 1og§—"
E’[Rp/Q(g) — Rg p2(9)] < N Zatmm(nl(Hkt)) A\ 5

2m
=1

Choose 9,, = ng% for some § > 0, then for p > 2, 2721 O, = ﬁ < 4. Thus, forany § > 0
and any n > 1, with probability at least 1 — 4, the following holds for all g:
T op2n—1
=~ 8¢ log “~
ERy/2(9) = Rspa9)] < — > (M (Hy,)) + || —5 =2 — (14)

t=1

Now, for any f = ZtT:1 athy € F and any g = %Z; n¢hy, we can upper-bound R(f) =
Pre, ,y~plps(z,y) < 0], the generalization error of f, as follows:

R(f)= Pr_los(z,y) = pg(a,y) + pg(z,y) < 0]

(z,y)~
) < —p/2] + Prlpy(z,y) < p/2]
) < —=p/2]+ R,)2(9)-

< Prlpy(

f ) — pg(
= Prlps(

) = Pyl

LY Ty
LY LY

We can also write
Rypa(9) = Rsppalg— f+ )< Pr lpg(z,y) — prla,y) < —p/2) + Rs,o(f).

o (z,y)~S
Combining these inequalities yields
Pr [ps(z,y) <0l = Rs,p(f) < Pr_[pr(2,y) — pylz,y) < —p/2]
(z,y)~D (z,y)~D
G Pr loo(@9) = ps(@,y) < =p/2+ Bopa(9) = R p2(9)-

Taking the expectation with respect to o yields

R(f) - RS,p(f) < E [1pf(x7y)fpg(x7y)<*f)/2]
(z,y)~D,x

+ (x7y)}‘zs7a[1pg(Iay)—ﬂf(ffvy)<—p/2] + E[Rp/Q(g) — Rg,p2(9)].  (15)

Fix (z,y) and for any function ¢: X x J — [0, 1] define yg, as follows: y/, = argmax,, ., ¢(z,y).
For any g, by definition of p,, we can write py(,y) < g(z,y) — g(,y}). In light of this inequality
and Hoeffding’s bound, the following holds:

E[lpf(m,y)fpg(x,y)<fp/2] = E)xr[pf(l‘7y) - pg(may) < _p/2]

< P [(f(o) = £(0.0) = (0(o.) = ote.07) < 0/2]

< e mP/8,

Similarly, for any g, we can write pf(z,y) < f(z,y) — f(=,y,). Using this inequality, the union
bound and Hoeffding’s bound, the other expectation term appearing on the right-hand side of (15)
can be bounded as follows:

B[y, (2.9)—ps (ea<—p/2] = Prlpg(2,y) = ps(a,y) < —p/2]
Pr [(g(afvy) —g(z,9,) — (flz,y) — flz,y,)) < fp/Z}
> Pr [(g(x,y) —g(z,9) = (f(z,y) — f(z,9)) < —p/Q}
y'#y

<(c— 1)67"”2/8.

IN

IN

Thus, for any fixed f € F, we can write

R(f) = Rs,p(f) < ce™" /5 + B[Ry (9) = Rsp2(9))
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Therefore, the following inequality holds:
~ 2 ~
;UER(JC) — Rs,(f) < ce ™/ 4+ supE[R,2(g) — Rs,p2(9)],
€ g @

and, in view of (14), for any § > 0 and any n > 1, with probability at least 1 — 9, the following
holds for all f € F:

np2

R(f) - ES,p(f) < %Zatmm(HI(Hkt)) +ce”E + \/
t=1

2
(2n —1)logp +log 5
2m '

Choosing n = {— log ( )—‘ yields the following inequality:*

5 /logp (Edm logp  log3
R(f)_RS,p(f ) < *Zatmm (I ( Hk:t \/ 41,(D)gp)_‘ m + om

and concludes the proof. O

Our proof of Theorem 1 made use of the following general multi-class learning bound, which admits
a more favorable dependency on the number of classes c than the existing multi-class Rademacher
complexity bounds of [Koltchinskii and Panchenko, 2002, Mohri et al., 2012].

Theorem 3. Let G be a family of hypotheses mapping X x Y to R, withY = {1,...,c}. Fixp > 0.
Then, for any § > 0, with probability at least 1 — § > 0, the following bound holds for all g € G:

R(g) < Rsp(g) + %mmmlm)) +

where I1,(G) = {(z,y) — g(z,y) : y € ¥, g € G}.
Proof. We will need the following definition for this proof:
py(x,y) = min(g(z,y) — g(z,y"))
y'#y
po.g(x,y) = H;i,n(g(% y) —g(z,y") + 01y =),

where & > 0 is an arbitrary constant. Observe that E[1, (. ,)<0] < E[l,, (2,)<0] since the in-
equality pg 4(z,y) < pg(x,y) holds for all (z,y) € X x Y-

pu.g(x,y) = min (9(z,y) — gz, ') + 01,—y)
< min (g(z,y) — g(x,y") + 01y=,)
y'#y

= min (g(z,y) — g(z,9)) = py(z,y),
y'#y
where the inequality follows from taking the minimum over a smaller set.
Let @, be the margin loss function defined forall u € Rby ®,(u) = lu<o+(1—%)lo<us,. Wealso

let G = {(z,y) — po.g(z,y): g € G} and G = {®,09:7 € G}. By the standard Rademacher
complexity bound [Koltchinskii and Panchenko, 2002, Mohri et al., 2012], for any § > 0, with
probability at least 1 — &, the following holds for all g € G:

.
EZ_: p@q 3317?}1))‘*'29’%(9)‘*‘

nuw

*To select n we consider f(n) = ce™™" + v/nv, where u = p*>/8 and v = log p/m. Taking the derivative
of f, setting it to zero and solving for n, we obtain n = — iWﬂ (— 5227 ) where W_; is the second branch
of the Lambert function (inverse of T +— ace ). Using the bound — logx < —W_;(—z) < 2log x leads to the
following choice of n: n = [ — 3 log(5%=)]-
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Fixing 0 = 2p, we observe that ®,(pg, 4 (i, yi)) = P, (pg(Ti,yi)) < 1y, (2.y:)<p- Indeed, either
00,9(Zi,¥i) = pg(@i,yi) or pg.g(2s,yi) = 2p < pg(24,y;), which implies the desired result. Tala-
grand’s lemma [Ledoux and Talagrand, 1991, Mohri et al., 2012] yields SR, (G) < %%m(é) since
®,isa %—Lipschitz function. Therefore, for any § > 0, with probability at least 1 — ¢, for all g € G:

R(g) < Re.p(9) + %m(é) +

and to complete the proof it suffices to show that R, (G) < 2¢R,, (I11(G)).

Here $R,, (G) can be upper-bounded as follows:

~ 1
i)‘im(G) = — [SUP ZUZ xmyz max(g(xiay) - 2p1y—yz>):|
ms ger 1
1 m
< — E |[sup ngxz,yz}—f—E [sup 0 Max{(g\Ti, Yy _2]‘—i:|'
ms’g[ggg; ) sup S osmix(g(r1.9) = 201y

Now we bound the second term above. Observe that

1 1
—E | sup ngy]_E[Sup 7i9(=i, y)1 ’_]
ma[gec:; i ) l) m o geG;yeZy ' v o

1

< = ZE [supzazg $z7y)1ul u]
m 9 LgeG
yey
1 1
> ne[mSastnn(3+1)]

yey

where ¢; = 2-1,,—, — 1. Since ¢; € {-=1,+1}, 0; and o;¢; admit the same distribution and, for any
y € ), each of the terms of the right-hand side can be bounded as follows:

1 €; 1
%1; [SUPZUZQ xwy)(; +2):|

geG

S su 0;€;9\Tq, +7 su 09T,
: LEBZ o] + 58 3ot

Thus, we can write = Eg, [sup,eq Yi; 0ig(2i,4i)] < ¢Rm(I11(G)). To bound the second

term, we first apply Lemma 8.1 of Mohri et al. [2012] that immediately yields that

1 1
- S]%)U [supZal max(g(acl, y) — 2p1yyi)} < Z — E {SupZUl (xi,y) — 2ply= y)}

m S,
9€G yeY 7 LoeG iy

and since Rademacher variables are mean zero, we observe that

m m
{bupZal 9(zi,y) 2p1y_yi)} = E {bup (Zalg Ty ) — QPZUily—yz}
i=1

geG geG i=1

- & [ ougtei)] < Raia(©)

gEGz 1

which completes the proof. O
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C Consistency

In this section, we discuss several questions related to consistency. In the multi-class setting where ¢
scoring functions are used, a loss function L is defined over ) x ) which associates to aclassy €
and class scores s1, . . ., S the real number L(y, s1, ..., s.). Consistency has often served as a guide
for the selection of a loss function. Informally, a loss function is consistent if minimizing it results
in a classifier whose accuracy is close to that of the Bayes classifier. Tewari and Bartlett [2007]
(see also [Zhang, 2004a,b]) showed that, in general, loss functions of the form (sq,...,s.,y) —
®(—(sy — max,/-, s,/)) are not consistent, while those that can be written as (s1,...,5.,y) —
> yzy 2(=(sy — sy)) are consistent under some additional regularity assumptions on ®. This
may suggest that solving the optimization problem associated to Fy,,, may result in a more accurate
classifier than the solution of ming > Fiax(c).

However, the notion of loss consistency does not take into account the hypothesis set H used since
it assumes an optimization carried out over the set of all measurable functions. Long and Servedio
[2013] proposed instead a notion of H -consistency precisely meant to take the hypothesis set used
into consideration. They showed empirically that using loss functions that are H-consistent can lead
to significantly better performances than using a loss function known to be consistent. Informally,
a loss function is said to be H-consistent if minimizing it over H results in a classifier achieving a
generalization error close to that of the best classifier in H.

More formally, L is said to be realizable H-consistent [Long and Servedio, 2013] if for any dis-
tribution D over X' x ) realizable with respect to H and any ¢ > 0, there exists § > 0 such that
if | E(x,y)ND[L(yv h(l'v 1)a ) h(.’t, C))] - infhEH E(x,y)ND[L(ya h({E, 1)7 ) h(l’, C))]l < 9, then
E(z,y)~p[1p, (2,9)<0] < €. The following is an extension of a result of Long and Servedio [2013] to
our setting.

Theorem 4. Let u — ®(—u) be a non-increasing function upper-bounding u — 1,<o, bounded
over Ry, and such that lim,_,oo ®(—u) = 0, and let H be a family of functions mapping
X x Y to R closed under multiplication by a positive scalar (H is a cone). Then, the loss func-
tions (s1,...,8c,y) = P(—(sy — maxy 2y sy)) and (s1,...,5¢,y) = >z, P(—(sy — 8y))
are realizable H-consistent. Moreover, if ® = &1 o ®y with non-decreasing ®, and P,
verifying lim, 0 ®1(u) = limy oo Po(—u) = 0 then the loss function (s1,...,Sc,y) —
Py ( Doty P28y — sy/))) is also realizable H-consistent.

Proof. Let D be a distribution for which h* € H achieves zero error, thus pp«(x,y) > 0
for all (x,y) in the support of D. Fix ¢ > 0 and assume that |E¢, ,yp[®(—pn(z,y))] —
infreg E(gy)~p[®(—pn(z,y))]| < € for some h € H. Then, since 1,<o < ®(—u) and since
nh* is in H for any n > 0, the following holds for any 1 > 0:

E [lph(z,y)SO] < E D[(I)(_ph(x7y))]

(z,y)~D (z,y)~
< E [®(—pyp (=, +e= E [®(—npp(x, +e.
> (Ly)ND[ (=pnn=(,9))] (:my)ND[ (—=npn-(z,y))]

Since ®(—wu) is bounded for v > 0, by the Lebesgue dominated convergence theorem,
limy) .0 E(z,y)~n[®(—pyn=(2,9))] = 0, which proves the first statement of the theorem. Now
suppose that

E [ o(-(hwy) — h@y )] = inf B[S @((=(hz,y) — bz y))] | <€
(z,y)~D L 4 heH (z,y)~D L 4

y'#y y'#y

for some h € H. Using 1,<o < ®(—u), upper-bounding the maximum by a sum, and using the fact
that nh* is in H for any n > 0, the following holds for any n > 0:

Elly, <o) SB[ Y @(=(hlw,y) = hiz,y))]| SB[ D @(=n(h*(z.y) = h*(@,5)))] +e.
y'#y y'#y

SA consistency condition often adopted is to select a function f such that > yey f(z,y) = 0 for any
x € X [Zhang, 2004a, Tewari and Bartlett, 2007, Zou et al., 2008]. As observed by other authors in the past
(e.g., Li [2009a]), this constraint is automatically verified for f = 3, ath; and therefore not needed during
optimization when it holds for the base classifiers h; used, which can be ensured straightforwardly in our
context by adding —1 to each h;.
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Since by assumption py- (z,y) > 0, the inequality (h*(z,y) — h*(x,y’)) > 0 holds for all y’ # y
by assumption. Therefore, applying the Lebesgue dominated convergence theorem as before yields
the second statement of the theorem. The last statement can be proven in a similar way. O

The conditions of the theorem hold in particular for the exponential and the logistic functions and
H = conv(|Jy_, Hy,). Thus, the theorem shows that the loss functions associated to Fyyax and Fyym
are realizable H-consistent in the common cases where the exponential or logistic losses are used.
Similarly, it shows that in the common case where ®; (u) = log(1 + u) and ®5(u) = exp(u + 1),
the loss function associated t0 Feompsum i F1-consistent.

D Relationships between objective functions

One caveat of I}, is that it is not differentiable. In some cases, it may be desirable to deal with a
somewhat simpler optimization problem with a differentiable objective function. As it was already
observed in Section 3.2 each of Fy, and Fi.xsum Serve as a differentiable upper bound on Fipax
provided that @ itself is differentiable. We will show that under certain mild assumptions these
objective functions are essentially within a constant factor of each other. In view of the inequality
>yt @(1—2?’:1 ajh; (25, 95,9)) < (c—1) maxyzy, @(1—2?:1 ajh;(z,yi,y)), the following
inequalities relate Fyym, Finax, and Fiaxsum:

1
c— 1Fsum S Fmax S Fmaxsum- (16)

Conversely, observe that due to the presence of the term Zjvzl Ay in all these objective functions,

the domain of a can be restricted to By = {a: (0 < a) A (||afjs < A)} with the constant A > 0
depending only on Ajs. Then, the following inequality holds over B, :

eA

Fmaxsum S 7Fsum' (17)
c—1

Indeed, if ® = exp or ®(—2) = logy(1 4+ e~%), then ®(x + b) < e*®(z) for any b > 0 and we can
write

N
i) (1 = ajpn, (@i, yi))

j=1
N

= ( Z% e 1 Z hj (i, yis y +Z% Z (h; (xiayiay)_f)hj(xiayi))
Jj=1 Y#Yi y;ﬁyz

<3 @(1—2% (21, yiry) + 2l )
Y#Yi

< Ci 1 Z ( ZCU] Iuyi ) 2||a|\1’
Y#Yi

where we used the convexity of ® for the first inequality.

E MDeepBoostSum
E.1 Direction

For any j € [1, N], Fyum(0w—1 + ne;) is given by

N
Fam(a—14ne;) = Z Z (1 —fi1 (@i, i,y )_nhj($i>yiay)>+zAjat—l,j"‘??Aj- (18)

i=1 y#y; Jj=1

16



Thus, for any j € [1, N], the directional derivative of Fy,, at c;—1 along e; can be expressed as
follows in terms of € ;:

Fslum(at,l,ej) = *Z Z xwyla ))él(l - ftfl(miayiay)) +A]
i=1 y#y;
m

. S.
*Z Z 3617?/17 ))Dt(zay)st +AJ = 5(26157.7 - 1) +A]

=1 y7#y;

Thus, the direction k selected at round ¢ is given by k = argmin;cpy ny €1, + /; ST

E.2 Step

Given the direction e, the optimal step value 7 is given by argminn Fam(at—1 +neg). In the most
general case, 77 can be found via a line search or other numerical methods. In some special cases, we
can derive a closed-form solution for the step by minimizing an upper bound on Fyyy,(c;—1 +neg).

Since for any i € [1,m]and y € ), hk(a{pyi, y) = W (1) + %‘yy) - (=1), by the
convexity of u — ®(1 — nu), the following holds for all € R:

1+ he(2i, 95, )
2

1-— hk(xia ywy)
2

(I)<1 - ft—l(x’ia yl7y) - nhk(l‘%yia y)) S (b(l - ft_l(l'i7yi, y) - 77)

+ <I>(1—ft71($i,yi7y)+77)-

Thus, we can write

]. m 1+h x’L? Z;
Floy_1 +neg) < Ezl ; k(2 Ul (1*& (Tiy Yis ) — 77)
=1 Y7y,

m

N
1 1 — hg(xy, ys,
+ Z Z k—z%y)q’(l —fi1(@i,yi,9)) +7l> +Zat—1,jAj + Nl

=1 y#y; Jj=1

Let .J(n) denote that upper bound. We can select 7 as the solution of min, o, , ,>0 /(7). Since .J
is convex, this defines a convex optimization problem.

E.2.1 Exponential loss

In the case ® = exp, J(n) can be expressed as follows:

1< L4+ hi(@is ¥is ¥) 16, (@iiy) .—n
= > 5 ‘

i=1 yAy;
m N
1 — hg(
Z Z k gzayuy) el=fe-1(@iyiy) on + Zatfl,jAj + 1Ay,
i=1 y#y; j=1

with e! ~fi1(@iviv) = &' (1 — £,y (24, y:,9)) = S¢De(i,y). Thus, J(1) can be rewritten as

1 m
=D Diliy)Spem M) 4 Ay

i=1 y#y;

J(n)

(1—e¢ k)Ste_"—i-e kSte"—i- 3 i1 N + Ay
k) A P TR :
m m =

Introducing a Lagrange variable p > 0, the Lagrangian associated to the convex optimization prob-
lem min, 4 q,_, >0 J () can be written as follows:

L(n,p) = J(n) —pn+ or_1x) with  V,L(n,p) = J'(n) — p.
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By the KKT conditions, at the solution (n*, u*), J'(n*) = p* and p*(n* + as—1) = 0. Thus,

either (u* > 0) < (J'(n*) > 0) and n* = —ay_1 k, or * = 0 and n* is solution of the equation
J'(n*) =0
The condition J'(n*) > 0 for n* = —ay_1 j can be rewritten as
S, S A
—(1- etvk)—teo‘“l”“ + et,k—te_af*““ +A,>06 (1 —ep)e® bk —g pe M-tk < il
m m Sy

J'(n) = 0 can be written as the second-degree equation 2" + %e” — %, which admits the
solution ’ ’

A A 21— A A 21—
el = — il + [ Ll ] + Ct.k & n=log |— K + [ Ll ] + Ct.k .
25t6t,k 2St€t,k €tk 25t6t,k 2St€t,k €t,k

E.2.2 Logistic loss

In the case of the logistic loss, for any u € R, ®(—u) = logy(1 + e~ *) and &' (—u) = @ﬁ
To determine the step size, we use the following general upper bound:

@(uv)@(u)log2{1+e re  —c }

1+e v
e V-1 e V-1
=1 1 < =o' (— v —1).
OgQ{ + 1—1—6“}_ (log2)(1 + e%) (—u)(e )

Thus, we can write
1 ¢ / —nh(1,y1,y)
EZ Z (1 — feo (@i, i y)) (e TEFDVY — 1) 4 Mgy

=1 y#y;

1 m
T il y)Sule D 1) 4 A,

=1 yAy;

F(oy—1+nep) — F(oy—1)

IN

To determine 7, we can minimize this upper bound, or equivalently the following

1 m
135 5 D s 4
m

i=1 y#y;

This expression is syntactically the same as (18) in the case of the exponential loss (modulo a term
not depending on 7) with only the distribution weights D;(i,y) and S; being different. Thus, we
obtain immediately the same expressions for the step size in the case of the logistic loss but with

_ \m 1 . _ 1 1
Sy = Zi:l 14eft—1(@iviy)—1 and Dt(z’y) T St 1qet—1@ivin 1

F MDeepBoostMaxSum

MDeepBoostMaxSum algorithm is derived by application of coordinate descent to Fpy,um Objective
function. Below we provide explicit expressions for the direction and step of the descent. Figure 2
gives the pseudocode of the MDeepBoostMaxSum algorithm.

F.1 Direction

For any j € [1, N], Faxsum(0t—1 + 1€;) is given by

m N N
1
Fmaxsum(at—l +7’ej) = E § @(17 § at—l,jphj (xiayi)fnphj (xhyl)) + E Ajat—l,j +77AJ
i=1 j=1

j=1

19)
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Thus, for any j € [1, N, the directional derivative of Fyxum at ;1 along e; can be expressed as
follows:

m N
Fr/naxsum(at*hej) = Z xl?yl /(1 - Zatflyjphj (x“yi)) + Aj
im1 j=1
- . St
= Z ‘T“yl t(l)St+Aj = E(Qet’j —].)—f'[\j7

where for any ¢ € [1,T], we denote by D; the distribution over [1, m] defined for all ¢ € [1, m] by
(1 - Z;\f:l —1,pn, (i, yi))
St ’

with normalization factor S, = >, ®’(1 Zj 10¢—1,jpn; (Ti,y;)). Forany j € [1, N] and
s € [1,T], we also define the weighted error €, ; as follows:

Dy(i) =

(20)

1
€ =5 {1 — Z,N]i;f)s [on. (wz,yz)]} 21

Thus, the direction %k selected by MDeepBoostMaxSum at round ¢ is given by k =
. A
argmin e nj €5 + QSm

F.2 Step

Given the direction ey, the optimal step value 7 is given by aurgmin77 Fraxsum(Qi—1 + neg). As
in the case of MDeepBoostSum, for the most general ®, n can be found via a line search or other
numerical methods and in some special cases, we can derive a closed-form solution for the step by
minimizing an upper bound on Fyaxsum(Qte—1 + n€g).

Following the same convexity argument as in Section E.2, we can write

m N
1 1+ pn, (T4, Y
F(ay—1 +ney) < - Z M@(l - Zat—l,jphj (@i, yi) — 77)

. 2 j
i=1 =t
m p l‘ Yi ) a
h )
- Z — (1 - Z@t—l,jphj (i, y:) + 77)
j=1
N
+ Z Oétfl,jAj + 77Ak3
Jj=1

Let J(n) denote that upper bound. We now examine solutions of the convex optimization problem
min, 4o, , ,>0J(n) in the case of exponential and logistic loss.

F.2.1 Exponential loss

In the case ® = exp, arguing as in Section E.2.1, J(n) can be expressed as follows:
N

Sy Sy
J(n)=(1- —e 1 —e E —10; + nAg.
() = ( 6t.,lc)me "‘Gt,kme +j:1at 1,5 + Nk
and the solution of the optimization problem min, o, _, ,>0J(7) is given by n* = —ay_1  if
A
(1 — €t7k)€at71’k - Gt’ke_atfl’k < km.
Sy

Otherwise, the solution is




MDEEPBOOSTMAXSUM(S = ((z1,41),-- s (Tm, Ym)))

for i — 1 tom do

1
2
m
3 fort«— 1toT do
Am
4 k « argmin € ; + ———
jJ€[L,N] b 25t

5 if ((]. — Gt,k)eat—l,k _ Etykefafflvk < Agvifm) then
6 Mt < —Q¢—1k

7 else 77t<—10g{_2/\€12g1_~_ [é\eig]2+%}

8 Oy — 01 + M€

0 Ser1 = 2L @’(1 - Zjvzl Qt,j Ph (Cvmyz))

10 for i — 1 to m do

11 Dt+1(i) - CPI(l*Z;'V:l A, Phy (w“yl))

St+1

12 f— 0 anih;
13 return f

Figure 2: Pseudocode of the MDeepBoostMaxSum algorithm for both the exponential loss and the
logistic loss. The expression of the weighted error ¢, ; is given in (21). In the generic case of
a surrogate loss @ different from the exponential or logistic losses, 7; is found instead via a line
search or other numerical methods from 7; = argmax, Fraxsum(Q—1 + neg).

F.2.2 Logistic loss

In the case of the logistic loss, we can argue as in Section E.2.2. In particular, we can write

1 m
Flap—1 +neg) — Flay—1) < — ZDt(i)St(e’”phk(zi’yi) — 1)+ Agnm.
mi4

As in the case of MDeepBoostSum algorithm with logistic loss, minimizing this upper bound, re-
sults in the same expressions for the step size eta as in the case of the exponential loss but with

-1
normalization factor Sy = >0, (1 + eZ_?’:l Xt—1,5Ph, (”“fyi)fl) and probability distribution

-1
Dt(l) _ 5%(1 + ezjil Qt—1,Ph; (Ii-,yi)—l) )

G MDeepBoostCompSum

In this section, we describe the details of the MDeepBoostCompSum algorithm which consists of the
application of coordinate descent to the Fyompsum Objective function. Note that, in general, Feompsum
needs not be a convex function. However, in the important special case where @ is the logistic
function the objective does indeed define a convex optimization problem. Under this assumption,
we show that the resulting algorithm is identical to the MDeepBoostSum algorithm with only the
distribution weights D, (4, y) and S; being different.

G.1 Direction

For any j € [1, N|, Feompsum(0Qtt—1 + 1€;) is given by

m N
1
Fam(ai—1+ne;) = o Zq)l( Z D) <1*ft—1($z‘,yi,y)*ﬁhj(zi;yi,y)>)+z Ajog_qj+nA;.
i=1 Y#Yi Jj=1
(22)
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Thus, for any j € [1, N, the directional derivative of Fompsum at oz along e; can be expressed as
follows in terms of € ;:

;i‘ﬂ( Z o, (1 - ft—l(iﬂi,yi,y))) Z (—hj(zi,yi,y)) Py (1 - ft—1(5ﬂi,ymy)) + A

Y#£Yi Y#£Yi
1 & . St
==Y > (=hi(@i,yi y)Dili,y)Se + Ay = = (260 — 1) + A,
21 g, m

where for any ¢ € [1, T], we denote by D; the distribution over [1, m| defined for all ¢ € [1, m] and
all y € Y such that y # y; by

P ( Dyt 02 (1 —fi1(zis vi, y)))‘l’/z (1 —fi1(2i, 91, 9))

D ) =
t(% y) St )

(23)

with normalization factor S; = Y"1 | ®} ( Dyt P2 (1 —fi1(4, i, y)) ) L (1—fo1 (i, yis ).
Forany j € [1, N] and s € [1,T], we also define the weighted error ¢, ; as follows:

1
=g By (awow)]] 24)

Thus, the direction k selected at round ¢ is given by k = argmin ey ny €,; + /;’TT

G.2 Step

Given the direction ey, the optimal step value 7 is given by argmin, Feompsum(0tt—1 + ney). The
most general case can be handled via a line search or other numerical methods. However, we recall
that in this most general case objective of our problem need not be convex. In what follows, we
assume that ® is the logistic loss function and show that for resulting convex optimization problem,
step can be chosen in the same way as for MDeepBoostSum algorithm of E.2.1.

To simplify the notation, for a fixed 4, let u(y) = 1 — f;_1 (24, ¥, y) and v(y) = —nh;(zs, ¥, y).
Then we can write

1 (Y @ouly) +v(y) — @1 Y Pa(uly)) = log

Y#Yi Y#Yi

Zy#yi et (ev) — 1)
L+ Zy;ﬁyq-, ev)
Zy;éyi e (e?®) — 1)

T

This bound is precisely S¢ >, ., Di(4, y)(e~Me(@ivioy) — 1) and we can write

1+

m

1
Flo,. _ )< = ; —nhe(zi,yy) _ )
(i1 +nex) — Floy—1) < mz ZDt(’hy)St(@ 1) + Agn
=1 y#y;
To determine 7, we can minimize this upper bound, or equivalently the following

1 m
m DD Dilisy)Spe M B 4 Ay,

i=1 y#y;
Arguing as in Section E.2.2, one can show that minimizing yields n* = —ay_1 ; when
Apm
(1 —epp)eXt=1F — e pe” ¥k < e
) ’ St

and otherwise

Aym Arm 12 1 —¢€p
n =log |— + [ ] + — | .
! [ 2Si€r ks \/ 25:€t ks €tk
This shows that in the case of the logistic loss MDeepBoostCompSum is identical to MDeepBoost-

Sum algorithm with only the distribution weights D; (i, y) and S; being different.
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H MDeepBoostMax

MDeepBoostMax algorithm is derived by application of coordinate descent to Fi,,x objective func-
tion.

H.1 Direction and step

For simplicity we will assume that & is a twice differentiable strictly convex function. This
is a mild assumption which holds for both exponential and logistic loss functions. Let a; =
(Qe1y-- .0y, ~) ' denote the vector obtained after ¢ > 1 iterations and let oy = 0. Let ey de-
note the kth unit vector in RY, k € [1, N]. The direction ey, and the step 7 selected at the ¢th round
are those minimizing Fi,ax(o:—1 + ney), that is

m
Frax(ai—1 +ney) = — man’(l — fe_1(zs, vi,y) — nhw (i, i, y))
m = YF£Yi
+ Z Njoy—1 +Apoy—1 1 +1. (25)
Ak
We follow the definition of maximum coordinate descent for non-differentiable convex functions

Cortes et al. [2014]. In view of that, at each iteration ¢ > 1, the direction e selected by coordi-
nate descent with maximum descent coordinate is & = argmax;c(; nj |0 Fmax (-1, €;)|, where

0 Fnax(0t—1, ej) is the element of the sub-gradient of F},,,, along e; that is the closest to 0.

Forany i € [1,m], let V;; = argmax, ;, . ®(1 — fr—1(x4,v4,y)) and ¢; be defined by ¢;(ai—1 +
ne;j) = MaXyy, <I>(1 — fioi (@i, v, y) — nhj(xs, yi, y)) Then, since the right-derivative of ¢; at
a1 along the direction e; is the largest element of the sub-differential of ¢; at a;—; and sub-
differential of ¢; is a convex hull of %@(1 —fi—1 (i, i, y) — nhj(xs, yi, y))| fory € Vi 4, we
can write

Gi 4 (ap_1,€5) = ylél%tx —hj(zs, Y, y) ' (1 — fo1 (26, 5,9)) = 414 ylgaji{*hj(fmyu y)},

n=0

where @], ; = maxy,, ®'(1 — f_1(2i,y:,y)). The last equality is a consequence of the fact
that <I>'(1 — fi_1 (@, i, y)) = IMaXy4y, @’(1 — fr—1(@, i, y)) for all y € ), ; and hence can be
factored out of maxycy, , —h;(zi, v, y)q)'(l — fe—1 (24, v, y)) This is indeed the case since for a
twice differentiable strictly convex function ®, ®” > 0 and @’ is strictly increasing. Combining this
with monotonicity of ® we have
Vii = argmax ®(1 — f,_q (@i, i, y)) = argmax &' (1 — f,_1 (4, vi,v))-
YF#Yi YF#Yi
Similarly, we can write
¢; _(op—1,€j) = min —h;(x;, yi, y)@’(l — ft,l(xi,yi,y)) =&, ,,; min{—h;(z;,vi,y)}
’ YEVr i T yeYs

In view of these identities, the right- and left-derivatives of I along e; are given by

m

1
Froax 4 (@1-1,€) = — K Joax {~h;(zi,yi,9)} + Aj,
i=1 "

1 « :

Frpax,—(t-1,€5) = — z_; Dy, Jmin {~h;(@i, 4, 9)} + 4.
For any t € [1,T], we denote by D, the distribution defined by
MAaXy£y, <I>’(1 — ft,l(xi,yi,y))

St

where S, is a normalization factor, S; = > ;" | maxy.,, ® (1 —f,_1(x;,y;,y)). Forany s € [1,T]
and j € [1, N], we denote by 6; ; and €, the following weighted errors of hypothesis /; for the
distribution Dy, for s € [1,T]:

Dy(i) = ; (26)

1 1
+ - 1= i NE e e
€= 5|1~ 5 Lmn b (:vz,yz,y)]} €i =5 [1 o [ max b (x“yz,y)]] 27)
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MDEEPBOOSTMAX(S = ((1,41), -+ (Tm, Ym)))

1 fori« 1tomdo
2 Dy (7,) — %
3 Vi =Y ={yi}
4 fort— 1toT do
> for j — 1to N do
6 if 3 —¢; > A;S’f then
! dj — 2t(2¢/; — 1) + A,
8 elseif  — Ef,;j < /;JST then
. dj — 526 ;= 1) + A,
10 else d; —0
11 k « argmax |d,|
j€[1,N]
12 Ny «— argmin Fipax(ow—1 +neg)
n>—ag
13 Qy — 01 + M€
s Sir = ity maxyoey, O (1= fia(2i, 95, y))
15 for i — 1 to m do
16 Dt+1(i) - maXy £y, P (‘Sl,;fi_l(mi’yl7y))
17 Vi,i  argmax @ (1 — f_1 (2, yi, y))
N Y#£Yi
18 f« Zj:1 o jh;
19 return f

Figure 3: Pseudocode of the MDeepBoostMax algorithm. The expression of the weighted errors 62: j
and €, ; is given in (27) and 7, is found via a line search or other numerical methods. Note that the
active label sets ), ; are needed for finding e; j and e; -

Since ®,_; , = S;D;(i), we can express the right- and left-derivative in terms of ¢, jand e,

Sy
Fxlnax,+(at*17ej) = Epeit] - 1] + AJ

S
Flax_(cu_1,€;) = Et[ze;j — 1]+ A;.

Therefore, we can write

wlael — A i -l > g
5Fmax(at717 ej) = %[26;1 - 1] + Aj else lf% - 6;1' < I;Sm (28)
0 otherwise,

and the direction k selected at round ¢ is given by k = argmax;cp ) [0 Fimax(c—1,€;)[. Given
the direction ey, the optimal step value 7 is given by argmin,~_,, Finax(c:—1 + nex). This is a
convex optimization problem that can be solved via a line search or other numerical methods.

Figure 3 gives the pseudocode of the MDeepBoostMax algorithm.

Note that convergence guarantees of Theorem 2 do not apply to Fi,.x objective since the presence
of the max operator makes it non-differentiable. In the most general setting of non-differentiable
continuous objective functions, it is possible to construct examples where coordinate descent algo-
rithm will get “stuck” and never reach the global minimum. More precisely, for a non-differentiable
convex objective function F' the set of points such that §F'(a*,e;) = 0 for all j € [1, N] and yet
F(a*) > ming F(a) may not be empty. One way to address this problem and prevent coordi-
nate descent from being “stuck” is to randomize it. Namely, every time we reach a point where
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dF (o, e;) = 0forall j € [1, N] we perturb & by a small random vector y and restart coordinate
descent procedure from o + .

I Convergence of coordinate descent

Theorem 2. Assume that ® is twice differentiable and that ®"(u) > 0 for all u € R. Then, the
projected coordinate descent algorithm applied to F' converges to the solution o* of the optimization
maxa>o F(a) for F = Fym, F = Fyawsum o F' = Feompsum. If additionally ® is strongly convex
over the path of the iterates o, then there exists T > 0 and v > 0 such that for all t > T,

Flaw) - Fla®) < (1 - 1)(F(ay) - F(a"). (29)

Proof. We present the proof in the case ' = Fyn,, the proof for the other cases is similar. Let H
be the matrix in R™(¢~D*N defined by Ho),; = hj(@i,yi,y) foralli € [1,m], y # y;, and
J € [1,N], and let e(; .,y be the (i,y)th unit vector in R™c=1) " Then, for any o, eg y)Ha =

Zj.v:l ajh;j(x;,yi,y). Thus, we can write for any cv € R,

Fym(a) = GHa) + A,
where A = (Ay,...,Ax)" and where G is the function defined by

m m

Glu) =23 S @1 - el u) = 30 S 01 gy,

i=1 y#y; =1 y#y;

for all u € R™~1 with U(;,y) its (i,y)th coordinate. G is twice differentiable since & is and
V2G(u) is a diagonal matrix with diagonal entries -®" (1 — u(;,y) > 0 for all i € [1,m] and
y # y;. Thus, V2G(Ha) is positive definite for all . The conditions of Theorem 2.1 of [Luo and
Tseng, 1992] are therefore satisfied for the optimization problem

min G(Ha) + A" e,
a>0

thereby guaranteeing the convergence of the projected coordinate descent method applied to Fyy,. If
additionally F' is strongly convex over the sequence of cs, then, by the results of [Luo and Tseng,
1992][page 26], the inequality (10) holds for the projected coordinate method that we are using
which selects the best direction at each round, as with the Gauss-Southwell method. O

Note that the result holds under the weaker condition that " (1 — Zjvzl a;h;(zi, yi,y)) > 0instead

of ®”(u) > 0 for all u, since the assumptions of Theorem 2.1 of [Luo and Tseng, 1992] are also
satisfied in that case.
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J Upper bound on Rademacher complexity

In this section we prove Eq. (13), an upper bound on the Rademacher complexity of J,,. We have

m

RIL(Ta) = =B | sup Y o0 Y = lu(y)
Mo BV Jereaves(t)

= —E |sup sup Z hl(y)zgilxiel
i=1

t hyey l€Leaves(t)

1 m
= E E sup Z lz O-ilmielELeaves(t)‘| (take hy (y) =0or hl(y) = 1)
+

L t l€Leaves(t) Li=1

m

=1

IA
\
©

;,, sip S

t I€Leaves(t)

1 m
=—E sup g leUilx,iel
_t,sl€{+1,71} l€Leaves(t) =1 ]

m

= EE sup E o E silyel
tsie{+1,-1} ;= l€Leaves(t)

This last expression coincides with the Rademacher complexity of decision trees in the binary clas-
sification case returning a value in {+1, —1}. The VC-dimension of this family can be bounded
by (2n + 1) log,(d + 2) (see for example [Mohri et al., 2012]). Thus, by Massart’s lemma, Eq. 13
follows.

K Relationship with other algorithms

The view of boosting as coordinate descent applied to an objective function was pointed out and
studied in detail by several authors in the past [Friedman et al., 1998, Duffy and Helmbold, 1999,
Mason et al., 1999, Collins et al., 2002].

As pointed out earlier, the objective function F},,x is the tightest convex surrogate among those
we discussed and has favorable H-consistency properties. However, we are not aware of any prior
algorithms based on this objective function, even without regularization (A; = 0 for all j). Similarly,
the objective function Fj,um leads to a very efficient training algorithm since it is based on base
classifier margins pj, that can all be pre-computed before training begins, but we are not aware
of prior work based on that objective. Thus, the corresponding algorithms MDeepBoostMax and
MDeepBoostMaxSum are both entirely new.

Certain special cases of our algorithms coincide with well-known multi-class classification algo-
rithms from the literature. For A; = 0, j € [1, N] and the exponential loss (®(—u) = exp(—u)), the
MDeepBoostSum algorithm is equivalent to AdaBoost.MR [Freund and Schapire, 1997, Schapire
and Singer, 1999], a multi-class version of AdaBoost. For A; = 0, j € [1,N] and the logis-
tic loss (®(—u) = logy(1 + exp(—u + 1))), the MDeepBoostCompSum algorithm is equivalent
to additive multinomial logistic regression (i.e., a conditional maximum entropy model) where
D (z) = log(1l + z) and Po(x) = exp(z + 1)) (see Friedman [2000]). For the same ®, ®; and
®5, when A = 0 and 3 # 0 the MDeepBoostCompSum algorithm is equivalent to the multi-class
logistic regression algorithm with L;-norm regularization studied by Duchi and Singer [2009].

Other existing multi-class classification algorithms are related to the ones we present here, but with
key differences. For example, the MDeepBoostCompSum algorithm is similar to several algorithms
of Zou et al. [2008], except that they do not use regularization and additionally require the consis-
tency condition Zyy f(x,y) = 0. Biihlmann and Yu [2003] also describe a multi-class classifica-
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tion algorithm based on boosting, except they reduce the problem to binary classification using a
one-versus-all approach, use the square loss for ®, and do not use regularization.

In the special case of binary classification, our algorithms are of course related to the binary classi-
fication deep boosting [Cortes et al., 2014] and to several boosting algorithms introduced in the past
[Freund and Schapire, 1997, Kivinen and Warmuth, 1999, Ritsch et al., 2001a, Rétsch and War-
muth, 2002, 2005, Warmuth et al., 2006] including boosting with L;-norm regularization [Rétsch
et al., 2001a] (see [Schapire and Freund, 2012] for a more extended list of references), as discussed
by Cortes et al. [2014].

L Dataset statistics

Table 4: Dataset statistics.

Data set Classes | Examples | Features
abalone 29 4177 8
handwritten 10 5620 64
letters 26 20000 16
pageblocks 5 5473 10
pendigits 10 10992 16
satimage 6 6435 36
statlog 7 2310 19
yeast 10 1484 8
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